It has been shown previously that, even in the absence of linkage, selection can cause an appreciable change in the genetic variance of a metric character due to disequilibrium; this change is temporary and is rapidly reversed when selection ceases. This result is here extended to allow for the effect of linkage, and it is shown that the change in the variance is effectively determined by the harmonic mean of the recombination fractions. The validity of the approximate general formula derived here has been checked by comparison with exact results obtained from models with five or six loci. In order to determine the likely value of the harmonic mean recombination fraction, a simple model was constructed in which it was assumed that loci are distributed at random along the chromosome maps. Results of computer simulations of this model are reported for different chromosome numbers and numbers of loci.
INTRODUCTION
It has been shown in a previous paper (Buhner, 1971 ) that, if a metric character is determined by an effectively infinite number of unlinked loci, selection cannot cause any permanent change in the genetic variance but will cause a temporary change which is rapidly reversed when selection ceases. This effect must be due to genetic disequilibrium, that is to say to the correlation between pairs of loci which is induced by selection. This result depends on the assumptions that there is no linkage and that the number of loci is effectively infinite. When the number of loci is finite, as it must be in any actual situation, selection can also cause a permanent change in the genetic variance due to a change in the gene frequencies, but it seems likely that the results about the temporary change in the variance due to disequilibrium will remain approximately valid provided that the number of loci is not very small; the magnitude of the permanent change in the genetic variance has recently been discussed by O'Donald (1972) . The purpose of this paper is to remove the first restriction and to show the modifications which must be made to the analysis in the presence of linkage.
We shall therefore consider a metric character determined by N loci, where N is large, and we shall denote by V x the phenotypic variance (measured before selection operates) in the ith generation of selection, so that V o is the variance in the absence of selection. I t will be assumed that the effect of selection in the ith generation is to change the variance from Y i to V t + AV t . The effect of selection will usually be to decrease the phenotypic variance so that AT£ will be negative. (1)
It has been shown previously that d i behaves as if it were a component of the additive genetic variance, A it so that we may write
where A o is the additive genetic variance in the absence of selection. The heritability in the ith generation can be defined as M = AJV+ (3) The basic result proved in the previous paper (Bulmer, 1971) is that, in the absence of linkage,
The term \h\ AFj is due to the fresh disequilibrium introduced by the action of selection in the ith generation; the term \d i is due to the fact that, in the absence of linkage, only half the disequilibrium contribution present in the previous generation is preserved. If AT^ approaches a limiting value, AF*, under continued selection, then d t will tend to a limiting value d*, which can be evaluated by putting
where h* 2 is the limiting value of the heritability.
2. THE EFFECT OF LINKAGE The basic equation (4) has been derived (Bulmer-, 1971) by considering the regression between relatives, such as child on parent or grandchild on grandparent, on the assumption that the joint probability distribution of these related individuals is multivariate normal so that the regressions are linear and homoscedastic. It was shown that this assumption is true for parent and child when there is a large number of loci whether or not there is linkage. The expression \h\ AF^ for the fresh disequilibrium contribution in the offspring generation generated by selection in the previous generation was based on the child-parent regression and is therefore unaffected by the presence of linkage. On the other hand rather more than half of the disequilibrium contribution present in the previous generation will be preserved in the presence of linkage, so that d t must be multiplied by a factor larger than \ in the first term on the right-hand side of equation (4).
To compute the effect of this change, suppose that S t is the contribution to d t from a particular pair of loci with recombination fraction r. Then in the next generation a fraction (1 -r)S t of the contribution from this pair of loci will be preserved since under random mating 8 t must be determined entirely by gametic phase disequilibrium which decays at a rate (1 -r) per generation. We now make the simplifying assumption that the genetic effects of all the loci are the same, so that the fresh contribution to S i+1 as a result of selection in the ith. generation must be the same for all loci, and must therefore be equal to ^AFi/£IV(iV -1), since there are altogether \N{N-1) pairs of loci which contribute to d t if there are N loci. (It is assumed in the above argument that the fresh contribution to d i+1 does not depend on S t . The validity of this assumption will be investigated numerically in the next section.) It follows that If S { tends to a limiting value S*, then this limiting value can be evaluated by putting S i+1 = S t in equation (6), so that
where if is the harmonic mean of the recombination fractions. In the absence of linkage the rate of approach to the limiting value is very rapid, more than half the final value being attained after one generation of selection (Bulmer, 1971) . The rate of approach will be slower in the presence of linkage, but nevertheless it is still likely to be quite rapid. Equation (8) provides an implicit equation for d* whose solution can usually be found if the selection function is known. Consider, for example, a population subject to 'nor-optimal' selection under which the fitness of an individual with phenotypic value y is exp [~c(y -0) 2 ]. If y is normally distributed with mean 6 (as it must be at equilibrium) and with variance F, the change in the variance as the result of selection 18 AF = -2cF 2 /(l + 2cF).
By using (1) -(3), Equation (8) , it will be found that
which again leads to a quadratic equation for d*:
Finally, under many forms of artificial selection, A V = -k V, where k is a constant. This leads to the quadratic equation:
The practical applications of these results will be discussed further in Section 4.
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COMPARISON WITH EXACT RESULTS
The preceding results depend on two main assumptions, first that the fresh contribution to linkage disequilibrium in any generation is the same for all pairs of loci, so that the final disequilibrium is inversely proportional to the recombination fraction, and secondly that the regression of child on parent is linear and homoscedastic so that the fresh disequilibrium contribution in any generation is altogether ffiAV. The first assumption seems plausible provided that the linkage disequilibrium between all pairs of loci is fairly small. The second assumption is true when the number of loci is large since in the limit the joint distribution of offspring and parents is multivariate normal (Bulmer, 1971 ), but may break down when there are only a few loci, particularly in the presence of dominance which may introduce some curvature into the regression. It is therefore desirable to compare the predictions made here with exact results obtained by computing equilibrium gametic frequencies. Unfortunately it is not possible to calculate exact equilibria with more than five or six loci in a reasonable amount of computer time. Lewontin (1964) has tabulated equilibrium gametic frequencies and linkage disequilibrium parameters for a five-locus model under quadratic optimum selection. At each locus the three genotypes have effects 6, 4-8 and -6 respectively, and the five loci contribute additively to the phenotypic value, y. The fitness function is 1 -(y -24) 2 /3000. The loci are spaced at equal distances along a line with recombination fraction R between adjacent loci. To test whether linkage disequilibrium is inversely proportional to the recombination fraction I have calculated D'^xry, where D' it is the linkage disequilibrium between loci i and,?' relative to its maximum possible value (as given by Lewontin) and r tj is the recombination fraction. The results are shown in Table 1 . It will be seen that this quantity is nearly constant in each column except when the linkage is very tight (R < 0-01). If the line corresponded to a chromosome of length 100 centimorgans, the map distance between adjacent loci would be 20 centimorgans, which corresponds to a recombination fraction of 0-165. Thus D'y is inversely proportional to r it to a good approximation over the range of values of R likely to be of biological significance. Table 1 also shows the observed value of d* (= F* -V o , where F* is the variance in linkage disequilibrium and F o is the variance in linkage equilibrium with the same gene frequencies) and the value of d* predicted from equation (12). The predicted value is higher than the observed value for all R, but the agreement is nevertheless remarkably good in view of the small number of loci and the presence of dominance.
As a second example I have considered a model with five loci without dominance, the three genotypes at each locus having effects 6, 0 and -6 respectively; the fitness function was taken as exp ( -2/ under tight linkage; D' 12 is larger than expected (and in particular larger than D^), while D' 2i is smaller than expected (and in particular smaller than D' 13 ). Nevertheless the observed value of d* is close to the value predicted from equation (10) even under very tight linkage; it seems that the two position effects, which are in opposite directions, have to a large extent cancelled each other when the total disequilibrium is considered. As a final example I have considered a model with six loci without dominance, the three genotypes at each locus having effects 6, 0 and -6 as before, distributed in three pairs on three chromosomes, with recombination fraction B between the two loci on the same chromosome. The fitness function was taken as exp (-?/ 2 /3600), which gives the same intensity of selection as in the previous model with five loci. The equilibrium gametic frequencies with all gene frequencies equal to £ were computed as before; the results are shown in Table 3 . The linkage disequilibrium is inversely proportional to the recombination fraction if It > 0-05, but this relationship breaks down badly under tight linkage. The observed value of d* is in reasonable agreement with the value predicted from equation (10) when R > 0-01, but is rather larger than its predicted value under tight linkage. However, if there are only two loci on a chromosome, the recombination fraction between them is unlikely to be as low as 0-01.
It is concluded that equation (8) to the disequilibrium generated by selection for a character determined by about fire loci. When the number of loci becomes larger the assumption that the regression of child on parent is linear and homoscedastic will become more accurate since it is an asymptotic result based on the central limit theorem which becomes exact when the number of loci is infinite. The first assumption, that linkage disequilibrium is inversely proportional to the recombination fraction, will be affected by two factors when the number of loci increases; adjacent loci will tend to be closer together but at the same time the selection pressure at each locus will become weaker. The disequilibrium between adjacent loci is thus likely to remain approximately unchanged, and the first assumption is likely to be satisfied as accurately when the number of loci is large as when it is small. It is therefore suggested that equation (8) will provide a satisfactory approximation under most circumstances likely to be of biological significance. Before discussing the disequilibrium generated under natural or artificial selection it is necessary to consider the value of the harmonic mean recombination fraction, H, likely to be found in a natural population. As an approximate model we shall suppose that there are n pairs of chromosomes, each with the same length of 100 centimorgans in map units, that N loci are distributed at random along the chromosome maps, and that the recombination fraction, r, between a pair of loci is \ if the loci are on different chromosomes, and is given by the mapping function r = | ( l -e -2 a : )
if the loci are on the same chromosome at a map distance of a; morgans. (See Bailey, 1961 for an account of the theory of mapping functions.) It is of course realised that chromosomes do not all have the same length, that loci may not be distributed at random along their length, and that the above mapping function may be oversimplified since it assumes that there is no interference. Nevertheless, it seems reasonable to suppose that this model will give results of the right order of magnitude. The only complication which will be considered is absence of crossing over in the male sex in Drosophila which can be taken into account by using the mapping function i/< 9 T \ ,",.» r=l (l-e2x ) (15) for loci on the same chromosome, and r = £ as before for loci on different chromosomes. As a rough model for Drosophila mektnogaster it seems adequate to assume a haploid number of 3 chromosomes, each 100 centimorgans long, since the fourth chromosome is extremely short; in fact, of course, the first chromosome is shorter and the second and third chromosomes are longer than 100 centimorgans, but it seems unlikely that these departures will make an appreciable difference in this context.
Since the loci are assumed to be randomly distributed along the chromosome maps, the harmonic mean recombination fraction will be a random variable, depending on the positions of the loci, with a highly intractable distribution. Eecourse was therefore made to simulation. Consider as an example the case with 6 pairs of chromosomes and 12 loci. 12 random numbers between 1-0 and 6-99 were obtained by means of a pseudo-random number generator. The integral part of each number gives the chromosome on which the locus lies, and the decimal part its position along the chromosome, measured in morgans. For each of the 66 possible pairs of loci the recombination fraction was determined from equation (14), and then the harmonic mean, H, of these 66 recombination fractions was evaluated. This procedure was repeated 100 times to give 100 different values of H, which were then arranged in rank order. The median and the lower and upper deciles of this distribution (i.e. the 50th, 10th and 90th observations in rank order) were recorded; the median was 0-33, the lower decile 0-16 and the upper decile 0-42. These quantities are shown in Table 4 for different haploid numbers and numbers of loci. As might be expected the likely range of values of H depends critically on the number of chromosomes. We can now consider the significance of the basic equation
In a natural population which has been subject to stabilizing selection for a considerable time h* 2 is the observed heritability and AV* the observed difference in the variance before and after selection. For example, if the heritability is \ and if the variance is found to decline from 100 before selection to 90 after selection, it can be concluded that d* = -1-25/2?. If the chromosome number is large, then H is unlikely to be much less than \, so that d* would be about -2-5; if selection were relaxed the genetic variance would rise from 50 to 52-5. For Drosophila, on the other hand, H is more likely to be of the order of 0 1 , which makes d* about -12-5; relaxation of selection would cause an increase in the genetic variance from 50 to 62-5. We consider next an artificial selection experiment with stabilizing selection in which a proportion P of the population nearest the mean is chosen to provide the parents of the next generation. If the character is normally distributed with variance V, then AV = -kV, where k = 2f(z)IP.
In this equation z is the standard normal deviate corresponding to J(l-P) and f(z) is the standard normal density function. For example, if the middle 20 % are selected k = 0-9785; the values of k for the middle 50% and the middle 80% are 0-8574 and 0-5623 respectively. The resulting quadratic equation for d* is given by equation (13). Values of -d*, the reduction in the additive genetic variance, are shown in Table 5 for different values of k and H, in the case when A o = 50 and F o = 100. For example, if the middle 50 % are selected, so that k = 0-8574, then d* is about -13 if H = 0-5; in an organism with a high chromosome number the additive genetic variance would be reduced from 50 before selection to about 37 after several generations of selection. For Drosophila, on the other hand, H might be 0-1 or less, so that the additive genetic variance might be reduced eventually to about 20. We consider finally an artificial selection experiment in which a proportion P of individuals with the highest phenotypic values is chosen to provide the parents of the next generation. In this case AF = -kV, where
